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Introduction

Motivation : Exhibit unbounded trajectories of the NLS-like system{
i∂tu − Hu = N

(
u
)
, (t, z) ∈ R× R2,

u(0, ·) = u0,

where z = x + iy and

H = −(∂2
x + ∂2

y ) + (x2 + y2),

is the harmonic oscillator.

I Joint work with Valentin Schwinte
I Previous work with Patrick Gérard and Pierre Germain
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Introduction

Notations : consider the 2D harmonic oscillator

H = −(∂2
x + ∂2

y ) + (x2 + y2) = −4∂z∂z + |z |2,

where z = x + iy , ∂z = 1
2 (∂x − i∂y ). This operator acts on the space

{
u(z) = e−

|z|2
2 f (z) , f entire holomorphic

}
∩S ′(C).

The Bargmann-Fock space E is

E =
{
u(z) = e−

|z|2
2 f (z) , f entire holomorphic

}
∩ L2(C).

The special Hermite functions (ϕn)n≥0 are

ϕn(z) =
zn√
πn!

e−
|z|2
2 .

They form a Hilbertian basis of E and

Hϕn = 2(n + 1)ϕn, n ≥ 0.
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Introduction

For s ≥ 0, we define the harmonic Sobolev spaces by

Hs =
{
u ∈ S ′(C), Hs/2u ∈ L2(C)

}
∩ E .

We have, with 〈z〉 = (1 + |z |2)1/2

Hs = L2,s
E :=

{
u ∈ S ′(C), 〈z〉su ∈ L2(C)

}
∩ E ,

with the equivalence of norms

c‖〈z〉su‖L2(C) ≤ ‖u‖Hs ≤ C‖〈z〉su‖L2(C), ∀ u ∈ L2,s
E ,

Hypercontractivity estimates (Carlen) : for all 1 ≤ p ≤ q ≤ +∞( q

2π

)1/q
‖u‖Lq(C) ≤

( p

2π

)1/p
‖u‖Lp(C).
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Introduction

Denote by Π the orthogonal projector on the space E

(Πu)(z) =
1
π
e−
|z|2
2

∫
C
ewz− |w|

2
2 u(w) dL(w),

and consider the coupled Lowest Landau Level equations
i∂tu = Π(|v |2u), (t, z) ∈ R× C,

i∂tv = σΠ(|u|2v),

u(0, ·) = u0 ∈ E , v(0, ·) = v0 ∈ E .
(1)

Hamiltonian :
H(u, v) =

∫
C
|u|2|v |2dL.

This system is used in the modeling of fast rotating Bose-Einstein condensates.
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Symmetries / conservation laws

• Phase rotations

Tθ1,θ2 : (u, v)(z) 7→
(
e iθ1u(z), e iθ2v(z)

)
for (θ1, θ2) ∈ T2

Mass
M(u) =

∫
C
|u(z)|2dL(z), M(v) =

∫
C
|v(z)|2dL(z).

• Space rotations

Lθ : (u, v)(z) 7→
(
u(e iθz), v(e iθz)

)
for θ ∈ T

Angular momentum

Pσ(u, v) =

∫
C

(
|z |2 − 1

)(
|u(z)|2 + σ|v(z)|2

)
dL(z).

Laurent THOMANN Multisolitons for coupled LLL



Symmetries / conservation laws

• Magnetic translations

Rα : (u, v)(z) 7→
(
u(z + α)e

1
2 (zα−zα), v(z + α)e

1
2 (zα−zα)) for α ∈ C

Magnetic momentum

Qσ(u, v) =

∫
C
z
(
|u(z)|2 + σ|v(z)|2

)
dL(z).

I If u(z) = f (z)e−|z|
2/2 ∈ E , then

Rαu(z) = f (z + α)e−zα−|α|2/2−|z|2/2 ∈ E

I For all p ≥ 1,
‖Rαu‖Lp = ‖u‖Lp

I But for all s > 0

‖〈z〉sRαu‖L2 = ‖〈z − α〉su‖L2 ∼ αs‖u‖L2 , α −→ +∞.
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Global well-posedness result

Theorem
For every (u0, v0) ∈ L2,1

E × L2,1
E , there exists a unique solution

(u, v) ∈ C∞(R, L2,1
E × L2,1

E ) to the system (1).

Moreover :
M(u) =

∫
C
|u(t, z)|2dL(z) = M(u0)

M(v) =

∫
C
|v(t, z)|2dL(z) = M(v0)

H(u, v) =

∫
C
|u(t, z)|2|v(t, z)|2dL(z) = H(u0, v0)

Pσ(u, v) =

∫
C

(
|z |2 − 1

)(
|u(t, z)|2 + σ|v(t, z)|2

)
dL(z) = Pσ(u0, v0)

Qσ(u, v) =

∫
C
z
(
|u(t, z)|2 + σ|v(t, z)|2

)
dL(z) = Qσ(u0, v0).
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Global well-posedness result : idea of the proof
We consider the equation{

i∂tu = Π(|u|2u), (t, z) ∈ R× C,
u(0, ·) = u0.

We find a fixed point of the mapping

F : u 7−→ u0 − i

∫ t

0
Π(|u|2u)(s) ds.

Key ingredient : Carlen estimate : ‖u‖L6 ≤ C‖u‖L2

‖F (u)(t)‖L2 ≤ ‖u0‖L2 +

∫ t

0
‖Π(|u|2u)(s)‖L2ds

≤ ‖u0‖L2 +

∫ t

0

∥∥(|u|2u)(s)
∥∥
L2ds

= ‖u0‖L2 +

∫ t

0
‖u‖3L6ds

≤ ‖u0‖L2 + C

∫ t

0
‖u‖3L2ds.
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Proof of the Carlen estimate ‖u‖L6(C) ≤ C‖u‖L2(C)

For u ∈ E we have

u(z) = Πu(z) =
1
π

∫
C
e−
|z|2
2 +wz− |w|

2
2 u(w) dL(w),

and since |e−
|z|2
2 +wz− |w|

2
2 | = e−

|z−w|2
2 , we get

|u(z)| ≤ 1
π

∫
C
e−
|z−w|2

2 |u(w)| dL(w) =
(
ψ ? |u|

)
(z),

where ψ(z) = 1
π
e−|z|

2/2 ∈ Lr (C) for any r ∈ [1,+∞).

We can conclude with the Young inequality

‖u‖L6(C) ≤
∥∥ψ ? |u|∥∥

L6(C) ≤ ‖ψ‖L3/2(C)‖u‖L2(C) ≤ C‖u‖L2(C).
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Bounds on the Sobolev norms : defocusing case


i∂tu = Π(|v |2u), (t, z) ∈ R× C,

i∂tv = Π(|u|2v),

u(0, ·) = u0 ∈ E , v(0, ·) = v0 ∈ E .
(2)

Theorem (Schwinte-Thomann)

Assume that σ = 1. Let k ≥ 0 be an integer and (u0, v0) ∈ L2,k
E × L2,k

E . Then
there exists a unique solution (u, v) ∈ C∞

(
R, L2,k

E × L2,k
E
)
to equation (2) and

it satisfies for all t ∈ R,

‖〈z〉ku(t)‖L2(C) + ‖〈z〉kv(t)‖L2(C) .
(
1 + |t|

) k−1
4 if k ≥ 3

‖〈z〉2u(t)‖L2(C) + ‖〈z〉2v(t)‖L2(C) .
(
1 + |t|

) 1
2 if k = 2.
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Bounds on the Sobolev norms : idea of the proof

Show that (k ≥ 2)

d

dt

(∥∥〈z〉ku∥∥2
L2(C) +

∥∥〈z〉kv∥∥2
L2(C)

)
.
(∥∥〈z〉ku∥∥2

L2(C) +
∥∥〈z〉kv∥∥2

L2(C)

)1− 2
k−1

+ integration.

I Key ingredient 1)

‖〈z〉u
∥∥
L2(C) + ‖〈z〉v

∥∥
L2(C) . ‖〈z〉u0

∥∥
L2(C) + ‖〈z〉v0

∥∥
L2(C)

I Key ingredient 2)
‖u‖L∞(C) . ‖u‖L2(C).

I Key ingredient 3) ∥∥(−∆)k
(
|u|2
)∥∥

L∞(C) . ‖u‖
2
L∞(C)
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Bounds on the Sobolev norms : focusing case


i∂tu = Π(|v |2u), (t, z) ∈ R× C,

i∂tv = −Π(|u|2v),

u(0, ·) = u0 ∈ E , v(0, ·) = v0 ∈ E .
(3)

Theorem (Schwinte-Thomann)

Assume that σ = −1. Let k ≥ 0 be an integer and (u0, v0) ∈ L2,k
E × L2,k

E . Then
there exists a unique solution (u, v) ∈ C∞

(
R, L2,k

E × L2,k
E
)
to equation (3) and

it satisfies for all t ∈ R,∥∥〈z〉ku(t)
∥∥
L2(C) ≤

∥∥〈z〉ku0
∥∥
L2(C)

(
1 + C‖v0‖2L2(C)|t|

)k∥∥〈z〉kv(t)
∥∥
L2(C) ≤

∥∥〈z〉kv0
∥∥
L2(C)

(
1 + C‖u0‖2L2(C)|t|

)k
.

I Same proof but we can no more use the conservation of the norm

‖〈z〉u
∥∥
L2(C) + ‖〈z〉v

∥∥
L2(C)
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Existence of progressive waves

Growth of Sobolev norms ?

We look for progressive waves solution to (1)(
u(t, z), v(t, z)

)
=
(
e−iλtU(z + αt)e

1
2 (zα−zα)t , e−iµtV (z + αt)e

1
2 (zα−zα)t).

Theorem (Schwinte-Thomann)

Assume that σ = −1. Then
U = K

(1
2

+

√
3
2

iz
)
e−|z|

2/2

V = K
(1
2
−
√
3
2

iz
)
e−|z|

2/2,

defines a progressive wave with speed α =

√
3

32π
K 2 6= 0.

I Direct computions
I Uniqueness with a finite number of zeros, up to symmetries.
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Existence of progressive waves : motivation

Let σ ∈ {1,−1}.

Assume that(
u(t, z), v(t, z)

)
=
(
e−iλtU(z + αt)e

1
2 (zα−zα)t , e−iµtV (z + αt)e

1
2 (zα−zα)t).

Then

Qσ(U,V ) = Qσ(RαtU,RαtV ) = Qσ(U,V )− αt
(
M(U) + σM(V )

)
,

and

Pσ(U,V ) = Pσ(RαtU,RαtV ) =

= Pσ(U,V )− t
(
αQσ(U,V ) + αQσ(U,V )

)
+ t2|α|2

(
M(U) + σM(V )

)
,

I This implies σ = −1
I This also implies : M(U) = M(V ) and Re

(
αQ−(U,V )

)
= 0.

Laurent THOMANN Multisolitons for coupled LLL



Consequence : growth of Sobolev norms


i∂tu = Π(|v |2u), (t, z) ∈ R× C,

i∂tv = −Π(|u|2v),

u(0, ·) = u0 ∈ E , v(0, ·) = v0 ∈ E .
(3)

Corollary

Assume that σ = −1. Let (U,V ) be previously defined, then corresponding
solution (u, v) to (3) satisfies for all s ≥ 0

‖〈z〉su(t)‖L2(C) ∼ cs |t|s , ‖〈z〉sv(t)‖L2(C) ∼ cs |t|s , t −→ ±∞.

I For all s > 0

‖〈z〉sRαtU‖L2 = ‖〈z − αt〉sU‖L2 ∼ αs |t|s‖u‖L2 , α −→ +∞.
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Consequence : growth of Sobolev norms


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‖〈z〉su(t)‖L2(C) ∼ cs |t|s , ‖〈z〉sv(t)‖L2(C) ∼ cs |t|s , t −→ ±∞.

I Similar results for the system
i∂tu − Hu = Π(|v |2u), (t, z) ∈ R× C,

i∂tv − Hv = σΠ(|u|2v),

u(0, z) = u0(z), v(0, z) = v0(z).
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Well posedness for exponentially localised functions

Proposition

Let κ ≥ 0. Assume that (u0, v0) ∈ X κE ×X κE , then the corresponding solution
to (3) satisfies (u, v) ∈ C∞

(
R,X κE ×X κE

)
. Moreover, for every t ∈ R,

‖eκ|z|u(t)‖L2(C) ≤ ‖eκ|z|u0‖L2(C)e
cκ‖v0‖2L2 |t|

‖eκ|z|v(t)‖L2(C) ≤ ‖eκ|z|v0‖L2(C)e
cκ‖u0‖2L2 |t| ,

where the constant cκ > 0 only depends on κ > 0 (notice that c0 = 0) ;
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Existence of multi-solitons

Theorem
Let n ≥ 1. For 1 ≤ j ≤ n, let αj ∈ C∗. Assume that αj 6= α` for j 6= `. Denote
by

α] = min
j 6=`
|αj − α`|.

Then, for all κ > 0, there exists a solution (u, v) ∈ C∞
(
R,X κE ×X κE

)
to

equation (3) of the form
u(t, z) =

n∑
j=1

e−iλj tUj(z + αj t)e
1
2 (zαj−zαj )t + r1(t, z)

v(t, z) =
n∑

j=1

e−iµj tVj(z + αj t)e
1
2 (zαj−zαj )t + r2(t, z),

where for all c < 1
4 and all m ∈ N, there exists Cm,κ > 0 such that∥∥eκ|z|(∂m

t r1)(t)
∥∥
L2 +

∥∥eκ|z|(∂m
t r2)(t)

∥∥
L2 ≤ Cm,κe

−cα2
] t

2
, t ≥ 0.
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Existence of multi-solitons

I Inspired from the work of Ferriere 2020 on NLS with logarithmic
nonlinearity : existence of Gaussons.

I Error analysis and backward time integration learnt from Faou-Raphaël
2020.

I What about t −→ −∞ ?
I We have uniqueness result if κ� 1.
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Application to the linear harmonic oscillator

The previous result allows us to give new examples of unbounded trajectories to
the 2D linear harmonic oscillator{

i∂tψ − Hψ + V (t, x , y)ψ = 0, (t, x , y) ∈ R× R2,

ψ(0, ·) = ψ0 ∈ L2(R2).
(4)
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Theorem
Assume that αj 6= α` for j 6= `. Then there exists a potential
V ∈ C∞(R× R2;R) such that for all σ ≥ 0 and all k ∈ N

lim
t→+∞

‖∂k
t V (t)‖Hσ(C) = 0,

and there exists a solution ψ ∈ C∞(R× R2;C) to the equation (4) of the form

ψ(t) =
n∑

j=1

e−iλj ln te−2itL−2tRαj ln tUj + η(t),

where ‖η(t)‖H1(C) −→ 0, when t −→ +∞.

I The function ψ is a sum of space-localised bubbles and

‖ψ(t)‖H1(C) ∼
( n∑

j=1

cj
)

ln t, cj > 0, t −→ +∞.

I This is a direct application of a result of Faou-Raphaël 2020.
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